ABSTRACT. In this work, we consider the bilinear Schrödinger equation (BSE) i∂tψ = −∆ψ + u(t)Bψ in the Hilbert space L 2 (G , C) with G an infinite graph. The Laplacian −∆ is equipped with self-adjoint boundary conditions, B is a bounded symmetric operator and u ∈ L 2 ((0, T ), R) with T > 0. We study the well-posedness of the (BSE) in suitable subspaces of D(|∆| 3/2 ) preserved by the dynamics despite the dispersive behaviour of the equation. In such spaces, we study the global exact controllability and the "energetic controllability". We provide examples involving for instance infinite tadpole graphs.
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INTRODUCTION
We study the evolution of a particle confined in an infinite graph structure and subjected to an external field that plays the role of a control.
Figure 1. An infinite graph is an one-dimensional domain composed by vertices (points) connected by edges (segments and half-lines).
Its dynamics is described by the so-called bilinear Schrödinger equation (1) i∂ t ψ(t) = (A + u(t)B)ψ(t), t ∈ (0, T ), in L 2 (G , C), where G is the graph. The operator A is a self-adjoint Laplacian, while the action of the controlling external field is given by the bounded symmetric operator B and by the function u, which accounts its intensity. We call Γ u t the unitary propagator generated by A + u(t)B (when it is defined).
It is natural to wonder whether, given any couple of states ψ 1 and ψ 2 , there exists u steering the blinear quantum system from ψ 1 into ψ 2 . The bilinear Schrödinger equation is said to be exactly controllable when the dynamics reach precisely the target. We denote it approximately controllable when it is possible to approach the target as close as desired. If it is possible to control (either exactly, or approximately) more initial states at the same time with the same u, then the equation is said to be simultaneously controllable.
The controllability of finite-dimensional quantum systems (i.e. modeled by an ordinary differential equation) is currently well-established. If we consider the bilinear Schrödinger equation (1) in C N such that A and B are N × N Hermitian matrices and t → u(t) ∈ R is the control, then the controllability of the problem is linked to the rank of the Lie algebra spanned by A and B (we refer to [Alt02] by Altafini and [Cor07] by Coron) . Nevertheless, the Lie algebra rank condition can not be used for infinite-dimensional quantum systems (see [Cor07] for further details). Thus, different techniques were developed in order to deal with this type of problems.
Regarding the linear Schrödinger equation, the controllability and observability properties are reciprocally dual (often referred to the Hilbert Uniqueness Method). One can therefore address the control problem directly or by duality with various techniques: multiplier methods ( [Lio83] ), microlocal analysis ( [BLR92] ), Carleman estimates ( [MOR08] ).
Even though the linear Schrödinger equation is widely studied in the literature, the bilinear Schrödinger equation in a generic Hilbert space H can not be approached with the same techniques since it is not exactly controllable in H . We refer to the work on bilinear systems [BMS82] by Ball, Mardsen and Slemrod, where the well-posedness and the non-controllability are provided. Despite they prove the well-posedness of the bilinear Schrödinger equation in H when u ∈ L 1 ((0, T ), R) and T > 0, they also show that it is not exactly controllable in H for u ∈ L D ) for s = 3, when B is a multiplication operator for suitable µ ∈ H 3 ((0, 1), R). In [Mor14] , Morancey proves the simultaneous local exact controllability of two or three (1) in H 3 (0) for suitable operators B = µ ∈ H 3 ((0, 1), R). In [MN15] , Morancey and Nersesyan extend the previous result. They achieve the simultaneous global exact controllability of finitely many (1) in H 4 (0) for a wide class of multiplication operators B = µ with µ ∈ H 4 ((0, 1), R). In [Duc18d] , the author ensures the simultaneous global exact controllability in projection
The peculiarity of the bilinear Schrödinger equation on compact graphs is that, even though A admits purely discrete spectrum {λ k } k∈N * (see [Kuc04, Theorem 18] ), the uniform gap condition inf k∈N * |λ k+1 − λ k | ≥ 0 is satisfied if and only if G = (0, 1). This hypothesis is crucial for the classical arguments adopted in the previous works as [BL10] , [Duc18d] , [Duc18c] and [Mor14] . To this purpose, new techniques are developed in [Duc18b] and [Duc18a] in order to achieved controllability results.
1.1. Novelties of the work. Up to our knowledge, the controllability of the bilinear Schrödinger equation on infinite graphs is still an open problem. The main reason can be found on the dispersive phenomena characterizing the equation on infinite graphs (not considering the difficulties already appearing on compact graphs; see [Duc18b] and [Duc18a] ). A characteristic feature of the Schrödinger equation is the loss of localization of the wave packets during the evolution, the dispersion. This effect can be measured by L ∞ -time decay, which implies a spreading out of the solutions, due to the time invariance of the L 2 -norm. In [AAN17] , Ali Mehmeti-Ammari-Nicaise prove that the free Schrödinger group on the tadpole graph satisfies the standard L 1 − L ∞ dispersive estimate and that it is independent of the length of the circle (compact part of the graph) (see also [AAN15, Ali Mehmeti-Ammari-Nicaise] for the case of the star-shaped network and with potential). The proof of this result is based on an appropriate decomposition of the kernel of the resolvent. This technique gives a full characterization of the spectrum made of the point spectrum and of the absolutely continuous one, while the singular continuous spectrum is empty.
Our strategy can be resumed as follows.
• When A has discrete spectrum, we construct some eigenfunctions of A in L 2 (G , C) denoted {ϕ k } k∈N * . The flow of the Schrödinger equation i∂ t ψ = Aψ preserves
• When B stabilizes the space H , the bilinear Schrödinger equation is well-posed in H and in D(|A| s 2 ) ∩ H for suitable s > 0 when B is sufficiently regular.
• In such space, we study the global exact controllability and the energetic controllability with respect to {ϕ k } k∈N by adapting the techniques developed for the compact graphs in [Duc18b] and [Duc18a] .
In the first part of the work, we consider a specific potential B localized on the "head" of an infinite tadpole G . The chosen B is symmetric with respect to the natural symmetry axis of G and we denote H the space of those L 2 (G , C)-functions that are antisymmetric with respect to such symmetry. We prove the global exact controllability in D(|A| In the second part, we generalize the results for generic graphs and we apply them for those G containing a star graph (Section 4). In presence of suitable substructures in a infinite graph G , it is possible construct eigenfunctions of A. For instance, when G contains a self-closing edge e long 1, the functions
are eigenfunction of A. If B preserves the span of {ϕ k } k∈N * , then the controllability could be achieved. The same argument is true for graphs containing more self-closing edges or other suitable substructures (see Remark 4.3 for few examples).
INFINITE TADPOLE GRAPH
Let T be an infinite tadpole graph composed by two edges e 1 and e 2 . The self-closing edge e 1 , the "head", is connected to e 2 in the vertex v and it is parametrized in the clockwise direction with a coordinate going from 0 to 1 (the length of e 1 ). The "tail" e 2 is an half-line equipped with a coordinate starting from 0 in v and going to +∞. We consider T as domain of functions f := (f 1 , f 2 ) : T → C, such that f j : e j → C with j = 1, 2. Let H = L 2 (T , C) be the Hilbert space equipped with the norm · induced by the scalar product
For s > 0, we introduce the spaces
The Laplacian −∆ is equipped with self-adjoint boundary conditions as v is equipped with Neumann-Kirchhoff boundary conditions, i.e.
f is continuous in v, ∂f
We call Γ u t the unitary propagator generated by the operator
The (BSE*) corresponds to the following Cauchy systems respectively in L 2 (e 1 , C) and L 2 (e 2 , C) with t ∈ (0, T ) and T > 0
. Let ϕ := {ϕ k } k∈N * be an orthonormal system of H made by eigenfunctions of −∆ and corresponding to the eigenvalues µ := {µ k } k∈N * such that
We define
and, for s > 0, the spaces
Now, there exists C 1 > 0 so that
for almost every s ∈ (0, t) and t ∈ (0, T ). Thus,
From [Duc18b, Proposition B.6], there exist C 2 (t), C 3 (t) > 0 uniformly bounded for t in bounded intervals such that
T (ϕ) and the provided upper bound is uniform. The Dominated Convergence Theorem leads to
For every ψ 1 , ψ 2 ∈ H 3 T (ϕ), from the first point of the proof, there exists C(t) > 0 uniformly bounded for t lying on bounded intervals, such that
is small enough, then F is a contraction and Banach Fixed Point Theorem implies that there exists
is not sufficiently small, one considers {t j } 0≤j≤n a partition of [0, t] with n ∈ N * . We choose a partition such that each u L 2 ([tj−1,tj ],R) is so small that the map F , defined on the interval [t j−1 , t j ], is a contraction and we apply the Banach Fixed Point Theorem.
In
. By multiplying (BSE*) with ψ(t), we obtain that ∂ t ψ(t) 2 = 0, which leads to ψ(t) = ψ 0 for every
follows from a classical density argument.
Global exact controllability. Theorem The (BSE*) is globally exactly controllable in H
We prove the existence of T, ǫ > 0 so that, for every
To this purpose, we consider the map α, the sequence with elements
with h 3 defined in (5). The local exact controllability of the bilinear Schrödinger equa-
ǫ,T with T > 0 is equivalent to the surjectivity of the map Γ (·)
the controllability is equivalent to the local surjectivity of α. To this end, we use the Generalized Inverse Function Theorem ([Lue69, Theorem 1; p. 240]) and we study the surjec-
The surjectivity of γ corresponds to the solvability of the moments problem
By direct computation, we know | ϕ 1 , Bϕ 1 | = 0 and, for k ∈ N * \ {1}, there holds
In conclusion, the solvability of (4) is guaranteed by [Duc18a, Proposition B.7] since
2) Global exact controllability. Let T, ǫ > 0 be so that 1) is valid. Thanks to Remark B.3, for any
3) Energetic controllability. The energetic controllability follows as ϕ k ∈ H s G (ϕ) for every s > 0 and k ∈ N * .
GENERIC GRAPHS
Let G be a generic infinite graph composed by
The Laplacian A = −∆ is equipped with self-adjoint boundary conditions, B is a bounded symmetric operator and u ∈ L 2 ((0, T ), R). When the (BSE) is well-posed, we call Γ u t the unitary propagator generated by A + u(t)B. We call V e and V i the external and the internal vertices of G , i.e.
For every v vertex of G , we denote N (v) := l ∈ {1, ..., N } | v ∈ e l and each e k is considered to be parametrized with a coordinate going from 0 to L k . We equip H = L 2 (G , C) with the scalar product
We call · = ·, · the norm in H and, for s > 0, we introduce the spaces
In the (BSE), the operator A is a self-adjoint Laplacian such that the functions in D(A) satisfy the following boundary conditions. Each v ∈ V i is equipped with Neumann-Kirchhoff boundary conditions when the function f is continuous in v and
The derivatives are assumed to be taken in the directions away from the vertex (outgoing directions). In addition, the external vertices V e are equipped with Dirichlet or Neumann type boundary conditions. As in [Duc18b] , we respectively call (N K), (D) and (N ) the Neumann-Kirchhoff, Dirichlet and Neumann boundary conditions characterizing D(A).
In the current work, we denote a graph G as quantum graph when a self-adjoint Laplacian A is defined on G . We say that G is equipped with one of the previous boundaries in a vertex v, when each f ∈ D(A) satisfies it in v. By simplifying the notation of [Duc18b] , we say that G is equipped with (D) (or (N )) when, for every f ∈ D(A), the function f satisfies (D) (or (N )) in every v ∈ V e and verifies (N K) in every v ∈ V i . In addition, the graph G is equipped with (D/N ) when, for every f ∈ D(A) and v ∈ V e , the function f satisfies (D) or (N ) in v and f verifies (N K) in every v ∈ V i .
Let ϕ := {ϕ k } k∈N * be an orthonormal system of H made by eigenfunctions of A and let {µ k } k∈N * be the corresponding eigenvalues. We define
is the quantum graph associated to a Laplacian −∆ so that
be the entire part of r ∈ R. For s > 0, we define the spaces
We equip the space h s for s > 0 with the norm · (s) such that
Assumptions (I(ϕ, η)). The operator B :
Assumptions (II(ϕ, η, a)). Let one of the following points be satisfied.
(1) When G (ϕ) is equipped with (D/N ) and a + η ∈ (0, 3/2), there
is equipped with (N ) and a + η ∈ (0, 7/2), there exist d ∈ [max{a + η, 2}, 7/2) and 
1) If the quantum graph G (ϕ) is equipped with (D/N ), then
H s1+s2 G (ϕ) = H s1 G (ϕ) ∩ H s1+s2 for s 1 ∈ N, s 2 ∈ [0, 1/2).
2) If the quantum graph G (ϕ) is equipped with (N ), then
H s1+s2 G (ϕ) = H s1 G (ϕ) ∩ H s1+s2 N K (ϕ) for s 1 ∈ 2N s 2 ∈ [0, 3/2).
3) If the quantum graph G (ϕ) is equipped with (D), then
In the following section, we ensure the well-posedness of the (BSE). 
1) Let
and there exists C(T ) > 0 uniformly bounded for T lying on intervals so that
Proof. The result is obtained by generalizing the proof of Proposition 2.1.
We estimate ϕ k , f (s, ·) for each k ∈ N * and s ∈ (0, t). We suppose
We call ∂e the two points of the boundaries of an edge e. For every v ∈ V e (ϕ),ṽ ∈ V i (ϕ) and j ∈ N (ṽ), there exist a(v), a j (ṽ) ∈ {−1, +1} so that
We consider [Duc18b, Remark A.4] since G (ϕ) is a compact graph. There exist
Remark 3.4. We notice
and, for almost every s ∈ (0, t) and t ∈ (0, T ),
for every k ∈ N * and l ∈ {1, ..., N }. Thus, a l , b l ∈ ℓ ∞ (C) and there exists C 2 > 0 such that, for every k ∈ N * and v ∈ V e ∪ V i , we have |µ
Thanks to the identities (6), (8) and to Remark 3.4, there exists C 3 > 0 such that
Again, as G (ϕ) is a compact graph, [Duc18b, Remark 2.2] is valid for the sequence µ and, from [Duc18b, Proposition B.6], there exist C 4 (t), C 5 (t) > 0 uniformly bounded for t in bounded intervals such that
and
. We underline that the identity is also valid when µ 1 = 0, which is proved by isolating the term with k = 1 and by repeating the steps above. For every t ∈ [0, T ], the inequality (10) shows that G(t) ∈ H provided upper bounds are uniform and the Dominated Convergence Theorem leads to
G (ϕ) for almost every s ∈ (0, t) and t ∈ (0, T ). The same techniques adopted above shows that
iAτ f (τ )dτ for f ∈ H and t ∈ (0, T ). Let X(B) be the space of functions f so that f (s) belongs to a Banach space B for almost every s ∈ (0, t) and t ∈ (0, T ). The first part of the proof implies
, which achieves the proof.
G (ϕ) for almost every s ∈ (0, t) and t ∈ (0, T ) and G (ϕ) be equipped with (N ). In this framework, the last line of (7) is zero. Indeed, ∂ 2 x f (s) ∈ C 0 as f (s) ∈ H 3 N K (ϕ) and, for v ∈ V e (ϕ), we have ∂ x ϕ k (v) = 0 thanks to the (N ) boundary conditions (the terms a j (v) assume different signs according to the orientation of the edges connected in v). After, for every v ∈ V i (ϕ), thanks to the
, we obtain
Now, {ϕ k } k∈N * is a Hilbert basis of H (ϕ) and we proceed as in (8), (9) and (10). From [Duc18b, Proposition B.6], there exists C 6 (t) > 0 uniformly bounded such that
For every ψ 1 , ψ 2 ∈ H 2+d G (ϕ), from the first point of the proof, there exists C(t) > 0 uniformly bounded for t lying on bounded intervals, such that
. The proof is achieved as in the point 2. of the proof of Proposition 2.1.
Controllability results.
Definition 3.5. Let ϕ := {ϕ k } k∈N * be an orthonormal system of H made by eigenfunctions of A and let {µ k } k∈N * be the corresponding eigenvalues.
(1) The (BSE) is said to be globally exactly controllable in
Before proceeding with the main result of the work, we notice the following fact. As G (ϕ) is a compact graph, [Duc18b, relation (2)] implies ∃M ∈ N * , δ > 0 : inf
(the parameter M is equal to 1 when G (ϕ) corresponds to an interval).
Theorem 3.6. Let G be a quantum graph. We assume that
If Proof. 1) Local exact controllability. The proof follows as the point 1. of the proof of Theorem 2.2 by considering s = 2 + d instead of s = 3. The peculiarity of this case is that α assumes value in Q := {x := {x k } k∈N * ∈ h s (C) | x ℓ 2 = 1}, while γ in
In the current framework, the moments problem (4) is defined for sequences in T δ Q ⊂ h The solvability of (4) is guaranteed by [Duc18a, Proposition B.7] thanks to (12) since
2) Global exact controllability and energetic controllability. The proof is achieved as in the points 2. and 3. of the proof of Theorem 2.2 by using Theorem B.2.
EXAMPLE
Let a star graph be a graph composed by N ∈ N * edges {e j } j≤N . Each edge e j is parametrized with a coordinate going from 0 to the length of the edge L j . We set the 0 in the external vertex belonging to e j . Let G be a graph containing as sub-graph a star graph equipped with (D) and composed by the edges {e j } j≤4 . Let the couple of edges {e 1 , e 2 } be long
5.
Boundaries: Neumann-Kirchhoff Dirichlet 
orthonormal system composed by eigenfunctions of A such that the (BSE) is globally exactly controllable in H 3+ǫ
G (ϕ) with ǫ > 0 and energetically controllable in
Proof. Let ϕ = {ϕ k } k∈N * be some eigenfunctions of A and µ = {µ k } k∈N * the corresponding eigenvalues. We define ϕ and µ so that, for every k ∈ N * , there exist m(k) ∈ N * and l(k) ∈ {1, 2} so that ϕ n k ≡ 0 for n = 2l(k), 2l(k) − 1 and
Spectral behaviour. We notice that {1, 
Assumptions I.1 For [r] the entire part of r ∈ R + , we have
The last relation implies the existence of C 1 > 0 such that ϕ 1 , Bϕ k ≥ C/k 3 for every k ∈ N * and the point 1. of Assumptions I(ϕ, 1) is verified.
Assumptions I.2 We prove that the point 2. of Assumptions I(ϕ, 1) is satisfied. By direct computation, it follows
Indeed, the identity
is never verified as it would imply 
In conclusion, µ k − µ j − µ m + µ n = 0 implies k 2 − j 2 − m 2 + n 2 = 0 and then
Thus, B k,k − B j,j − B m,m + B n,n = 0 and Assumptions I(ϕ, 1) is valid.
Assumptions II.1 and conclusion. Theorem 3.6 leads to the statement since the point 2. of Assumptions I(ϕ, 1) is satisfied thanks to Proposition 3.2. Indeed, B stabilizes H m for every m > 0 and 
, then the energetic controllability can be guaranteed in 
We consider u 0 B as a perturbative term of A. Let us consider the (BSE) with G a quantum graph. Let ϕ := {ϕ k } k∈N be an orthonormal system of H made by eigenfunctions of A and let {µ k } k∈N be the relative eigenvalues. Let {ϕ u0 j } j∈N be an orthonormal system in We denote as n : N * → N * the application mapping j ∈ N * in n(j) ∈ N * such that j ∈ E n(j) , while s :
. We define Π : H → H (ϕ) the orthogonal projector.
Lemma A.1. Let the hypotheses of Theorem 3.6 be satisfied. There exists a neighborhood U (0) of u = 0 in R such that there exists c > 0 so that
Moreover, for u 0 ∈ U (0), the operator (A + u 0 P
Proof. 
where a k ∈ C, {β k j } j∈N * ⊂ C and η k is orthogonal to ϕ l for every l ∈ E n(k) . Moreover, lim |u0|→0 |a k | = 1 and lim |u0|→0 |β k j | = 0 for every j, k ∈ N * and
Now, Lemma A.1 leads to the existence of C 1 > 0 such that, for every k ∈ N * ,
where lim |u0|→0 f k = 0 uniformly in k. When µ k = 0, the identity (14) is still valid. For each (k, j), (m, n) ∈ I such that (k, j) = (m, n), there exists f k,j,m,n such that lim |u0|→0 f k,j,m,n = 0 uniformly in k, j, m, n and 
Proof. Let D be the neighborhood provided by Lemma A.2. The proof follows the one of [Duc18d, Lemma B.6]. We suppose that 0 ∈ σ(A + u 0 B, H (ϕ)) and A + u 0 B is positive such that we can assume c = 0. If c = 0, then the proof follows from the same arguments.
Thanks to Remark 3.1, we have
As in the proof of [Duc18d, Lemma B.6], the relation (16) is valid for any We denote N 1 the number N ′ ≥ N such that the relation (18) is verified.
2) (b) Finite dimensional controllability: Let T ad be the set of (j, k) ∈ {1, ..., N 1 } 2 such that B j,k = 0 and |µ j − µ k | = |µ m − µ l | with m, l ∈ N * implies {j, k} = {m, l} or B m,l := ϕ m , Bϕ l = 0. For every (j, k) ∈ {1, ..., N 1 } 2 and θ ∈ [0, 2π), we define E u(t)B − ic)Π is maximal dissipative in H n ∈ N * large enough such that, for every k ≤ N , 
